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Abstract 

In [8], N. Katz introduced the notion of the middle convolution on 
local systems. This can be seen as a generalization of the Euler trans- 
form of Fuchsian differential equations. In this paper, we consider the 
generalization of the Euler transform, the twisted Euler transform, and 
apply this to differential equations with irregular singular points. In 
particular, for differential equations with an irregular singular point 
of irregular rank 2 at x — oo, we describe explicitly changes of local 
datum caused by twisted Euler transforms. Also we attach these dif- 
ferential equations to Kac-Moody Lie algebras and show that twisted 
Euler transforms correspond to the actions of Weyl groups of these Lie 
algebras. 

1 Introduction 

For a function f(x), the following integral 

Iaf(x) = f ^ ) f\x-t) X - 1 f(t)dt 

is called the Riemann-Liouville integral for a, A € C. If we take a function 
f(x) = (x — a) a (p(x) where a € C\Z<o and 4>{x) is a holomorphic function 
on a neighborhood of x = a and (fi(a) ^ 0, then it is known that 

Hence one can consider the Riemann-Liouville integral to be a fractional or 
complex powers of derivation d = -4-. This may allow us to write d^f(x) = 
I~ x f(x) formally. 
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Moreover one can show a generalization of the Leibniz rule, 

d x p(x)^(x) = (^) p {i \x)d x - i <j)(x), 

if p{x) is a polynomial of degree equal to or less than n. 

Now let us consider a differential operator with polynomial coefficients, 

n 

P(x,d) = ^a i (x)d i . 

i=0 

The above Leibniz rule assures that 

d x+m P(x,d)d- x 

gives the new differential operator with polynomial coefficients if we choose 
a suitable m € Z. Moreover if f(x) satisfies P(x, d)f(x) = and I~ x f(x) is 
well-defined for some a, A € C, then we can see that 

d x+m p(x,d)d- x i- x f(x) = d x+m p(x,d)d- x+x f(x) 

= d- x+m p(x,d)f(x) 
= o. 

Hence d x turns a differential equation with polynomial coefficients P(x, d)u = 
into a new differential equation with polynomial coefficients Q{x, d)u = 0, 
and moreover a solution of Q(x, d)u = is given by a solution of P(x, d)u = 
if the Riemann-Liouville integral is well-defined. This correspondence of 
differential equations is called the Euler transform. 

For example, let us take the differential equation of the Gauss hyperge- 
ometric function, 

x(l - x)d 2 u + (7 - (a + P + l)x)du - a(3u = 0. (1.1) 

Then we can see that 

drP{x(l - x)d 2 + (7 - (a + + l)x)d - a^d 13 ' 1 
= x(l - x)d + ((7 - p) - (a - p + l)x). 

And it is not hard to see that the general solution of x(l — x)d + ((7 — 
P) — (a — P + \)x)u = is given by constant multiples of x^ _7 (l — x) a_7+1 . 
Hence solutions of (jl.ip are 

7^-1^-7(1 _ x )«-7 = _i_ j* t P-i(i _ t ) a -"f(x - t)~P dt 
for c = 0,1, 00. 
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This argument tells us that by the Euler transform d@ \ we can reduce 
(jl.ip to an "easier" one, 

x(l - x)d + ((7 - 0) - (a - p + l)x). 

And solutions of can be obtained from this "easy" equation. 

This can be applicable to differential equations with an irregular singular 
point. For example, let us consider the differential equations, 

xd 2 u + (7 - x)du - au = 0, (1.2) 
d 2 u — xdu + au = 0. (1.3) 

The first one is the differential equation of the Kummer confluence hyperge- 
ometric function. The second one is the one of the Hermite- Weber function. 
Then we have 

d~ a (xd 2 + (7 - x)d - a)d a ~ 1 
= xd + ((7 - a) - x), 

and 

d a (d 2 -xd + a^-*- 1 
= d — x. 



Solutions of these differential equations are x a 7 e x and e 2 up to constant 
multiples. Hence solutions of (|1.2p and (|1 .3j) are given by 

X {x-t)- a t a -^e l dt 



for c = 0, 00, and 

1 r 

J-00 



These facts tell us that the Euler transform is a good tool to study a 
solution of a differential equation from a solution of an easier differential 
equation. Then a question arises. 

Can one always reduce differential equations to "easy" ones by Euler 
transforms? If not, find a good class of differential equations which can be 
reduced to easy one. 



T(-a) 



T(a) 



dt 



e 2 



e 2 



-tx+a 



t a dt. 
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An answer of this question is known for Fuchsian differential equations. 
Let us consider a system of Fuchsian differential equations of the form, 



7- y W = tr^ y W. (i-4) 

dx - Ci) 

where Ai are n x n complex matrices, Y(x) is a C n -valued function and 
c.j € C. In this case, it is known that the Euler transform corresponds to the 
additive middle convolution (see [5] and [B]). The answer of our question is 
given by the following theorem. 

Theorem 1.1 (Katz [S\, Dettweiler-Reiter [5] [B]). The tuple of n x n of 
matrices, A±, . . . , A r is irreducible and linearly rigid, the differential equation 
(ji.-^P can be reduced to 



■j-y(.x) = V— — y(x) 
dx f—f x — ci 

where G C by finite iterations of middle convolutions and additions. 

Definitions of terminologies in this theorem can be found in the original 
papers [5] and [6]. 

Our purpose of this paper is to extend this theorem to non-Fuchian 
differential equations. 

In this paper, we consider differential equations with polynomial coeffi- 
cients which have an irregular singular point of rank at most 2 at x = oo and 
some regular singular points in C. And we give a generalization of Theorem 

The organization of this paper is the following. In Section 2, we give 
a review of some operations on the Weyl algebra. These operations are 
provided by T. Oshima in [11] to define the Euler transform in the strict 
way as an operation on the Weyl algebra. We use these operations to define 
a generalization of the Euler transform, the twisted Euler transform. 

Because we treat differential equations with an irregular singular point, 
solutions of them have asymptotic expansions as formal power series. Hence 
in Section 3, we study the formal solutions of differential equations. We 
introduce the notion of semi-simple characteristic exponents here. 

Section 4 is one of the main parts of this paper. We focus on differential 
equations which have an irregular singular point of rank 2 at infinity and 
regular singular points in C. We also assume that at the irregular singular 
point, every formal solutions are "normal type", i.e., formal solutions can be 
written by e p<yX ^x~^ c s x ~ s f° r polynomials p(x). Equivalently to say, 
we assume that differential equations are unramified according to the ter- 
minology of the differential Galois theory. Then in Section 4, we investigate 
the way how the twisted Euler transform changes differential equations, in 
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other words, how characteristic exponents at singular points are changed by 
the twisted Euler transform. 

In Section 5, we see the relation between differential equations and Kac- 
Moody Lie algebras. In [3], W. Crawley-Boevey find a correspondence of 
the systems of Fuchsian differential equations as (|1.4p and representations 
of quivers and moreover Kac-Moody Lie algebras associated with these rep- 
resentations. And he solved the existence problem of systems of differential 
equations, so-called Deligne-Simpson problem by using the theory of repre- 
sentations of quivers. An analogous work is done by P. Boalch in [3J. Boalch 
generalizes the result of Crawley-Boevey for the cases which allow an irreg- 
ular singular point of rank 2. And he also solved Deligne-Simpson problem 
with an irregular singular point of rank 2. 

As an analogue of their works, we attach a Kac-Moody Lie algebra to 
the concerning differential equation. Moreover we show that twisted Euler 
transforms correspond to simple reflections on the Cartan subalgebra of this 
Lie algebra. By using this correspondence, we prove the following main 
theorem. 



Theorem 1.2. Let us take P(x,d) € W[a;,£] as in Definition \4-l%\ If 
idxP > 0, then P(x,d) can be reduced to 

{d-ax- /3) n 

for some a, (3 € C and n G Z>o by finite iterations of twisted Euler trans- 
forms and additions at regular singular points. 

Notations used in this theorem are explained in the subsequent sections. 

In Section 6, we consider the confluence of Fuchsian differential equa- 
tions. It is known that differential equations of Kummer confluent hypergeo- 
metric function and Hermite weber functions are obtained from the differen- 
tial equation of the Gauss hyper geometric function by the limit transitions. 
In Section 6, as a generalization of this fact, we show the following. 

Theorem 1.3. Take P(x,d) £ W[x,$] as in Definition \4A2\ IfidxP > 0, 
then P(x,d) can be obtained by the limit transition of a Fuchsian Q(x,d) € 
W[x,£] o/idxQ = idxP. 

Meanwhile, in Appendix, we consider the differential equation which has 
regular singular point at x = oo and arbitrary singularities at any other 
points. And we give a necessary and sufficient condition to reduce the order 
of this differential equation by Euler transform E(0,(i). 

Theorem 1.4. Let us take P(x,d) £ W[x] which has regular singular point 
at x = oo and semi-simple exponents 

{[Ml]ni> • • • j Mri;}, 
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where Y2i=i n i = n = OI( ^ P, fJ-i ^ ^ and fa — fj,j £ Z if i ^ j. Then we have 
ord£(0,/xi - l)P(x,d) < ordP 

if and only if 

deg P — ord P < n $ . 

There are many other works about middle convolutions, equivalently to 
say, Euler transforms of differential equations with irregular singular points. 
T. Kawakami considers generalization of middle convolutions to systems of 
differential equations with irregular singular point which are called general- 
ized Okubo systems in [9]. K. Takemura [13] and D. Yamakawa [15] consider 
the middle convolutions for the system of the form 

i=i j=i v 11 

where Ajj are n x n complex matrices. In particular, Yamakawa discusses 
the reduction of the rank of a differential equation which is similar problem 
to ours. 

Acknowledgement 

The author is very grateful to Professor Toshio Oshima who kindly taught 
the author his theory of Euler transforms of Fuchsian differential equations. 
The author also thanks Shinya Ishizaki. The author studied the theory of 
middle convolutions and Euler transforms on his seminar under the direction 
of Professor Oshima. Finally the author thanks Noriyuki Abe and Ryosuke 
Kodera for the introduction of the Kac- Moody theory. 

2 Operations on localized Weyl algebra with pa- 
rameters. 

In this section, some operations on localized Weyl algebra are introduced. 
In [TT], T. Oshima uses these operators to understand the Euler transform 
and he constructs a theory of the Euler transform which corresponds to 
the theory of additive middle convolutions for Schleginger type systems of 
differential equations studied by Dettweiler and Reiter in [5] and [6]. 

The Weyl algebra W[x] is the C-algebra generated by x and d = ^ with 
the relation, 

[d, x] = dx — xd = 1. 

The localization of the Weyl algebra is W(x) = C(x) <g>c W[x] where C(x) 
is the quotient field of C[x] the polynomial ring with complex coefficients. 
For indeterminants £ = (£i, . . . , £ n ), we consider C(£) the field of rational 
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functions with complex coefficients and fix an algebraic closure C(£) of C(£). 
Then we can define the Weyl algebra with parameters 



W[x,£]=C(0 ® c W[x}. 

We can also define the localized Weyl algebra with parameters W(x,£) 
CiO®cW(x). 

The element P E W(x,£) (resp. P G W[x,£]) is uniquely written by 

m 

P = J>(z;£)3* 
i=0 



with Pi (x,0 G C(s,0 = C(0 0c C{x) (resp. Pi{x,0 G C[x,£] = C(£) ® c 
C[x]) for i = 0, ...,m. According to this representation, the order of P 
denoted by ord P is defined by the maximum integer i such that Pi(x, £) 7^ 0. 
We also define the degree of P G W[x; £] by maximum of degrees of Pi(x; £) 
as polynomials of x, and denoted by degP. 

Definition 2.1. For P(x,d) G W(a;,£) 0/ ord P > ; w;e say i/iai P(x,d) 
is irreducible when it is satisfied that if we can write P = QR for some 
Q, P G W(x, f ) i/ien ord Q • ord R = 0. 

We recall some operations on W[x, £] and W(x,£). Details of these 
operations can be found in [llj . 

Definition 2.2 (The Fourier-Laplace transform). The Fourier- Laplace trans- 
form on W[x,£] is the following algebra isomorphism 

C: W[x,C] — > W[x,£] 

x 1 — > —d 

d 1 — > x 

& 1 — ► 6 (* = l,...,n). 

Sometimes we identify P G W(x,£) and f(x)P for /(a;) G C(x,£) be- 
cause differential equations P(x, d)u = and f(x)P(x, d)u = can be iden- 
tified. If for P, Q G Wfo £), there exist /(sc) G C(x, f) such that P = f(x)Q, 
then we write 

P~Q. 

Definition 2.3 (The reduced representative). The reduced representative 
of a nonzero element P G W[x, £] is an element of C(x, £)P fl W[sc, £] of the 
minimal degree and denoted by RP. 

Definition 2.4. For h G C(o;,£), we define the automorphism of W(x,£) 
by 

Adei(/i): W(x;£) — ► WfoO 



Definition 2.5 (The addition at the singular point). For c G C and /(£) G 
C(£) we ca// £/ie operator Adei(^^) the addition at the singular point c and 
denote it by Ad{(x - c)f®). We a/so dearie RAd((z - c)f®) = RoAd((i- 
c)/«)). 

Remark 2.6. Let f(x) and g(x) be sufficiently many differentiate func- 
tions. Then the Leibniz rule tells us that 

£/<*)«<») = </m£ + ^/ww»). 

Hence for some c, A G C we /icwe 

(x-C ) ^ (x _ cr A 5(x) = ( i : __A_ Mx) . 

Therefore Adei(:^)^; corresponds to 

{X ~ C)X ^ {X ~ C) ~ X - 
Definition 2.7 (The e p(x ) -twisting). For p(x) G C[x], we define 

Ade(p(x)) = Adei(j/(x)) 
and call this the e p ^ -twisting. Here p'(x) = -^p(x). 

Remark 2.8. As well as additions at singular points, the e p ^ -twisting 
corresponds to the operation 

A , > e P(x) jL e ~P(x) = {— -p'( X )). 

dx dx dx 

Definition 2.9 (The twisted Euler transform). For a G C and /(£) G C(£) 
we define the operator on W[x,£\, 

E(a, /(£)) = Co RAd((z + a)~ m ) o CT X o R. 

For a = (ai, . . . , a m ) G C m and F(£) = (/i(0, ■ ■ ■ , /m(0) G (C(0) m , we 
define the operator 

m 

E(p(x);a, F(0) = Ade(p(x)) o /<(£)) o Ade(-p(x)). 

i=l 

We call E(a,f(^)) and E(p(x); a, F(£)) twisted Euler transforms. In par- 
ticular we call E(0, /(C)) Euler transform. 



8 



Remark 2.10. A twisted Euler transform E(a,f(£)) corresponds to the 
following integral transform 

/ioc roo 
( y + a )-/(0 / g(x)e- xy dxe zy dy 
-too J c 

= WW) \l g{x){z - x ) m ' le ~ a{z ' x) dx - 

If we put a = 0, then this is a Riemann-Liouville integral. Hence 
£7(0, /(£)) can be seen as the classical Euler transform. 

Remark 2.11. A twisted Euler transform can be written as the composition 
f e p(x) -twisting s and an Euler transform. We define the parallel displace- 
ment for a £ C by 

P(h): W(x;0 — > W(x;0 

x i — > x — a 

d .— » d 

& 1 — > & (i = l,...,n). 

Then we can see that £ _1 Ade(ax) = P(— q)£ _1 and Ade(— ax)C = £R(— a). 
Hence we have 

E(a,f(0) = Ade(ax)E(OJ(£))Ade(-ax). 

Proposition 2.12. We take an element P(x,d) G W(x,£) and assume that 
P(x,d) is irreducible and ordP > 1. Then we have followings. 

1. We have 

E(*,0)P ~ P 
where we can put any a G C into *. 

2. If E(a, }(£))P is irreducible and ordE(a, f(£))P > 1 for an a G C 
and an /(£) G C(£), we /iaue 

£7(a, -f(0)E(a, f(0)P = E(a, 0)P ~ P 

Before proving this proposition, we see the following lemma. 

Lemma 2.13. Suppose that P G W[x, £] is irreducible. If E(*, 0)P = g(x) G 
<C[ar, £], then there exists f(x) G C[x,£] such that 

P ~ /(S)p(x) 

anc? i/ie degree of f(x) as the polynomial of x is at most one. 
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Proof. By the assumption, we have 

P(*,0)P = CRC^RP = g(x). 

This implies that 

g{d) = C'^ix) = RC^RP, 
that is, there exists an /(x) € C[x,£] such that 

£- 1 RP = f(x)g(d). 

Equivalently we have 

P~f{-d)g{x). 

By the irrducibility of P, f(x) must be an irreducible polynomial, i.e., its 
degree is at most one. □ 

proof of Proposition \2.1SX □ 

Let us put Q = P(*,0)P = CRC^RP. Then we have 

RC^RP = C~ X Q. 

Hence there exists an f(x) E C[x,^] such that 

CT X RP = f{x)C- 1 Q, 

that is, we have 

p~/(-a)g. 

By Lemma 12.131 and the assumption ordP > 1, we can see that ordQ 7^ 0. 
Since P is irreducible, we have f(d) € C. Hence we obtain 

P(*;0)P ~ P. 

Let us recall that 

RAd((x + a) m ) o RAd((x + a y m )Q ~ Q 
for Q G W[x,£]. 

By the assumption, E(a, f(£))P is irreducible and ordP(a, /(£))P > 1. 
Hence we obtain 

E(a, -f(0)E(a, /(£)) = E(a, -/(£))#(*, 0)E(a, f($)P 
= C^RAddx + a) m )RAd({x + a y m )£ o RP 
~ P. 
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3 Formal solutions of differential equations 



We study formal solutions of differential equations with Laurent series coef- 
ficients in this section. Although this section will contain many well-known 
facts, we will give proofs of these for the completeness of the paper. One of 
the purpose of this section is to understand when a system of fundamental 
solutions has no logarithmic singularities even though differences of charac- 
teristic exponents are integers. One of the answer of this question is given 
by Oshima for Fuchsian differential equations in [llj. We apply his result 
to formal solutions of differential equations with Laurent series coefficients. 

3.1 Formal solutions at infinity. 

Let /C be the field of Laurent series of x _1 , also write C[[x -1 ]] [x], and JC(d) 
the ring of differential operators with coefficients in K,. 
Let us consider an element in JC(d), 

P(x, 8) = a n (x)d n + a n ^ 1 {x)d n ~ 1 + ... + ai (x)d + a (x) 

for cii(x) G C[[x _1 ]][:r]. For a(x) = Y^=-oo a nX~ n G C[[x -1 ]][x], v(a(x)) 
denote the valuation of a(x), i.e., v(a(x)) = min{s G Z | a s ^ 0}. We 
consider "normal" formal solutions near x = oo, i.e., solutions of the form 
x^f(x) for some /i G C and f(x) G C[[x -1 ]] (/(oo) / 0). 

The group ring generated by {x^ 1 \ [i G C} is denoted by C[x^]. Also 
the polynomial ring of logx -1 with coefficients in C[[x -1 ]] is denoted by 
C[[x _1 ]][logx -1 ]. We consider the tensor product C[x^] ®c C[[x -1 ]] [log x~ x ] 
as C-algebras and we simply write these elements x^ <g> h(x) by x^h(x) for 
y, G C and h(x) G Cffx" 1 ]] [log a; -1 ]. 

As an analogue of systems of fundamental solutions around regular sin- 
gular points, we consider subspaces of C[x^] ®c C[[x -1 ]] [log x" 1 ] which are 
spanned by formal power series with logarithmic terms. 

Definition 3.1. Let us take fj,\, . . . /i r G C, such that fa — fj,j (jz Z for i ^ j, 
increasing sequences of positive integers = < ■ • • < n\. for i = 1, . . . , r 
and m l j G Z>o for i = 1, . . . , r, j = 0, . . . , U. We put /i*- = Yjk=l m k an d 

Then we consider the following n functions, 

K+k 

f(fa + n)-k)(x)=x^ £ ( h ^ k )c% +k l {x){\ogx- l )\ 

1=0 ^ ' 3 

where yj\ are binomial coefficients, c^(x) G C[[x -1 ]] and Cq°(oo) ^ 0. We 

call the C-vector subspace spanned by these functions the space of formal 
regular series. 
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Lemma 3.2. We use the same notations as in Definition 13, it Let V be 
a n- dimensional space of formal regular series. For i = 1, . . . ,r, we define 
C-linear maps 

V — ► C^JScCtlx-^ltlogx- 1 ] 

/(*) -> d j£fm- 

Then each image $j(V) is n — 1-dimensional space of formal regular series. 
Proof. We can see that 



+ n% k)(x) = x^~ l ( Hlj ~l k ) H% +k l (x){\ogx 

l— n V / 3 



1=0 

where 



H M-i = {((^ + + ^)c^ (x) " (^ + k ~ l K+k-i-iW}- 

3 3 3 

Also we can see that 

d f( ^7 , =x-^- 1 F"(x), 

where F 1 ' (x) = ((-^ + xd)c^°{x)- 1 ). Clearly ^'(oo) ^ 0. 
Hence we have 

fe* +fc 

where 

Gg(x) = OXx)" 1 + c£(x)^'(x). 

The image 3>j'(X^) is spanned by < d( ^f(^. r fy(x) ~ ) f • Since Gq°(x) = 

((Mi - Mi') + xd)ci°(x)c^°(x)- 1 , we have Gj,°(oo) 7^ if i ^ *'. If % = i', 
Gq°(x) = 0. However, we have 

/^IKx) = d{c( o ix)4 o {x) -i +logx -i). 
/(/V;0)(x) 

Hence we obtain that Gf(x) = (1 + xdci'^c^x)- 1 ) and Gf (00) ^ 0. 
Hence <Jv(V) is the space of formal regular series. 

□ 
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Lemma 3.3. Let P(x,d) G K{d) be 

P(x, 8) = a n {x)d n + On-i^)^- 1 + . . . + ai (x)d + ao(x), 
for cii{x) G C[[x _1 ]][x]. It can be written by 

oo 

P(x,d)=J2^ P ~ Sp s(d), 

s 

where p = max{t>(aj(x)) | i = 0, . . . ,n} and G C[x]. Then the follow- 

ing s are equivalent 

1. pV\o) = diPi(x)\ x=0 = 0fori + j<l. 

2. u(a,_i_i(x)) <p-i (i = 0,...,Z-l). 

Proof. The condition 1 is equivalent to that P(x, d) is written by 
P(x,d) = x p d l P^{d)+x f) - l d l - 1 P[{d)+- ■ ■+x p ~ l+l dPi l {d)+xP~ l P l {d)+- ■ ■ . 
Then the assertion is obvious. □ 
Proposition 3.4. Let P(x,d) G K(d) be 

P(x, d) = a n (x)d n + an-i^)^- 1 + . . . + ai (x)d + a (x), 
for ai{x) G C[[x _1 ]][x]. Also we write 

oo 

P{x,d)=Y J X P ~ S Ps(d) 

s=0 

where P s (x) G C[x] and deg P s < n for s = 0, 1, 2, . . . . 

For I < n, we assume that there exist an I -dimensional space of formal 
regular series V whose elements are solutions of the differential equation 
P(x,d)u = 0. 

Then we have 

P. (j) (0) = 0fori + j < I, 

equivalently 

v(ai-i-i(x)) < p-i (i = 0, 1). 

Proof. We prove this by induction on I. We assume that P(x,d) has a 
formal solution x^h{x) for v G C and h(x) G Cffx" 1 ]] (7i(oo) ^ 0). Then the 
coefficient of x M of P(x,d)x p h(x), is Po(0)/i(oo). Hence -Po(0) = 0. 

We assume that there exists a /c-dimensional space V of formal regular 
series whose elements are solutions of P(x, d)u = 0. We take an element 
of V without log term, i.e., an element <fi(x) = x^h{x) for p G C and 
h(x) G Cffx^ 1 ]] (h(oo) ^ 0). We consider a differential operetor P(x,d) = 
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4>(x)~ 1 P(x, d)4>(x). Then there exits Q(x,d) 6 fc(d) such that P(x,d) = 
Q(x, d)d because 1 = </>(x) _1 4>{x) is a solution of P(x, d)u = 0. Hence if we 
consider a C-linear map 

V — ► C[a^] ^cCflx-^flogx- 1 ] 
/(*) - <$3> 

elements in the image $ (V) are formal solutions of 9). By Lemma l3.2|, 
$(V) is a k — 1-dimensional space of formal regular series and elements of 
$(V) are formal solutions of Q(x,d)u = by the construction. Hence by 
the hypothesis of the induction we have 

Q{(0) =0for«+j<jfe-l. 

If we write 

n-1 

Q{x,d) = Y J H{xW 

i=0 

for qk(x) € C[[x _1 ]][x] (k = 0, . . . , n — 1), the above condition is equivalent 
to 

v(q k ^- z (x)) < P - i (i = 0, . • • , k - 2) (3.1) 
by Lemma 13.31 Also we can write 

n 

for pi (x) eC[[i 4 ]][i] (i = 0,...,n). If we recall the Leibniz rule, 
d i f(x)g(x) = J2(\) fV>{x)&-ig{x), 

3=0 V J 

the equation <f>(x)P{x, d)(p(x)~ 1 = Q(x,9)d says that 

Pn-i(x) = Y,(^_^ - ^^ qn-j-^x) (i = 0,...,n). 

Here we put = 0. Since w(^y) < —i, valuations of Pi(x) are bounded 

as follows, 

v(pi(x)) < max{v(^_i) - (j - i) \j = i,..., n}. 
If we notice that 

v(p i+1 (x)) < max{v(^_i) - (j -i) + 1 | j = i + 1, ... ,n}, 
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then we have 

v(pi(x)) < max{v(p i+ i(x)) - l,«(g i _ 1 (x))} (i = 1, ... ,n). 
Then above inequalities and (|3.ip implies that 

v{p k -i-i{x)) <p-i(i = 0,...,k-l). (3.2) 

□ 

Definition 3.5 (The characteristic equation). Let us take an element of 
lC(d), 

oo 

P(x,d) = Yj^Psid) 

s=0 

where P s (x) G C[x] and deg P s < n for s = 0, 1, 2, . . . . We consider following 
polynomials of X, 

Pk (X, x ) = Y(X + i + Ih-ij^P^W 
i=o { l) - 

fork = l,...,n. Here we put (A)/ = A(A + 1) • • • (A + (/ — 1)) fori = 1,2,... 
and (A) = 1. If P (&) (0) ^ 0, thenp k (X,0) is a polynomial of X of degree k. 
Hence if P^ (0) / and Pj (0) = for i + j < m, we call 

p m (X - m,0) = 

i/ze characteristic equation of P(x,d). 

Lemma 3.6. Let us take P(x, d) as in Definitions^ Suppose that P^\o) = 
for i + j < m and P^ (0) 7^ for an m < n. 

Also we assume that there exist . . . (jt r G C, such that [i{ — [ij ^ 
7L for i 7^ j, increasing sequences of positive integers = < • • • < n\. 
for % = 1, . . . , r and m l - G Z>o for i = 1, . . . , r, j = 0, . . . , Zj such that m = 
Si=iSj=o m j- Also assume that solutions of the characteristic equation 

p m (X - m,0) = 

are /ij + n*- with multiplicities m*- /or i = 1, . . . , r, j = 0, . . . , Zj. 
Then there exist following m formal solutions of P(x,d)u = 0, 

h^+k 

/(/* + n); k){x) = x^ Yl ( k%j t ^ c %. + k-M)^ x ) l > 
where c k 3 {x) G Cffrc -1 ]], Co°(oo) 7^ and h % - = XwUi m l- 
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Proof. Suppose that YlsLo °x x s ( c o / 0) is a formal solution of P(x, d)u = 
Yl^Lo % p ~ s Ps{d)u = 0. Then we have the following equations, 

i 

^a-kPkifJ- ~ i,0) = 0, (3.3) 
fc=o 

for i = 0, 1, The assumption implies Pfc(A, 0) for k < m are identically 

zero and p m (\, 0) is nonzero polynomial of A of degree m. Hence this is a 
direct consequence of the Frobenius method. □ 

Proposition 3.7. Let us take P(x,d) G /C(<9) as in Definition \3.5[ Suppose 
that Pp } (0) = fori + j < m and P (m) (0) ^ 0. We take m, . . . , [i r G C 
such that fj>i — [ij ^ Z (i ^ j). Then the fallowings are equivalent, 

1. There exist m formal series, 

fijix) =x-^-J +x-^- m *h ij (x) 

where hij(x) € C[[x -1 ]] for i = 1, . . . , I and j = 0, . . . , rrii — 1 and these 
are solutions of P(x,d)u = 0. 

2. 

- j ~ k;0) = 

/or 

i = 1, . . . ,r, 
j = 0, ... ,mi - 1, 
fc = m, ra + 1, . . . , m + — j — 1. 

Proof. First we assume that 1 is true. We consider the equation 

oo 

P(x,d)x-^- j (co+ c s x~ s ) = 

s=nii-j 

where i G {l,...,r}, j € {0, ...,mj — 1} and cq ^ 0. Since c s = for 
1 < s < mj — j, the equation (|3.3p tells us that 

coPki-fJ-i - j - k;0) = 0, 

for m < k < rrii — j + m. If the condition 2 is false, Pk{—^i — J ' — k; 0) 7^ 
for some k. This contradicts Co 7^ 0. 

Conversely we assume that 2 is true. Let us consider the equation 
P(x, d)x~* J,i ~ J (co + YlT=rni-j °s x ~ s ) = 0- Then the equation (|3,3p implies 

coPk{-Hi -j-k;0) = 0, 
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for n < k < nii — j + n and 
k 

C ™i-j+Wrn+(k-l)(-Vi ~ TOi - k - m,0) 

1=0 

+ cop mi - j+m+k (-iJ,i - mi - k - m, 0) = 

for k = 0,1,.... By the assumption 2, we can choose Co ^ 0. Then if 
Co is determined, other coefficients c s for s = rrii — j,m,i — j + 1, . . . are 
determined inductively. We can put Co = 1. Then we can choose (1 + 

Yl < s=m i -j c s x ~ s ) as a formal solution of P(x, d)f(x) = for alH € {1, . . . , r}, 
j€{0,...,rm-l}. □ 

Definition 3.8 (Semi-simple characteristic exponents). Let us take a dif- 
ferential operator 

oo 
s=0 

where P s (x) G C[x] anddegP s < n for s = 0, 1, 2, ... . Suppose that P^(0) = 

for i+j < m and P^ (0) ^ 0. Also suppose that there exit fix, . . . , fi r G C 
such that Hi — fij ^ Z (i ^ j) and £/tese satisfy 

Pk{-Vi -j-k,0)=0 

for 

i = l,...,r, 
j = 0, ... ,mj - 1, 
k = m,m + 1, . . . ,m + mi — j — 1. 

Here m = Yll=x m, i- Then we say that P(x, d) has semi-simple characteristic 
exponents 

{fix, /Xi + 1, . . . , m + mi - 1, . . . , fl r , n r + 1, . . . , fl r + m r - 1}, 
at x = oo. By using the notation [fi] m = {fi, fi + 1, . . . fi m -i}, we write 

{Nmi,- • • , W]m r } 

= {fix, fl\ + 1, . . . , fix + mi - 1, . . . , fl r , Hr + 1, ■ ■ ■ , Mr + m r - 1} 

shortly. 

Let us recall that 

e -PWde p W = d + p'(x). 
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For a P(x,d) G Kl(d), the differential equation P(x,d)u = has a formal 
solution 

if and only if the differential equation P(x,d + p'{x)) has a formal solution 

2=0 

Definition 3.9 (e p(x) -twisted semi-simple characteristic exponents). For 
P(x,d) € /C(<9) and p(x) € C[x], we say that the differential equation 
P(x,d)u = has e p ^ -twisted semi-simple exponents 

at x = oo where fii G C, mi € N and m = Yl\=i m «> */ ^ e differential 
equation P(x,d + p'(x)) has the same semi-simple exponents at x = oo. 

Proposition 3.10. Suppose that P(x,d) € W[x] has e v< ^ -twisted semi- 
simple exponents 

{Nmir • • , [/^]mj 

at x = oo where fii € C, mj 6 N and m = 5^ i=1 rrij. 

1. For a, E C ; £/ie differential equation Ad((x — a) u )P{x, d)u(x) = 
has e p ^ x > -twisted semi-simple exponents 

{[/xi -f]mi,---,[/4 -^ImJ 

x = oo. 

For q(x) 6 C, i/ie differential equation Ade(q(x))P(x,d) has e p ^ +g ^ - 
twisted semi-simple exponents 

{[Ml]mi, • • • , MmJ 

at x = oo. 

Proof. If we recall that (x — a) y can be written as (a; — a) 1 ' = a; -1 ' X^So c i x ~ l i 
the first assertion follows from the same argument as Proposition 13. 141 The 
second assertion easily follows from 

Ade(q(x))P(x, d) = ex.p(q(x))P(x, d) exp(— q{x)). 

□ 
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3.2 A review of regular singularity 

Let us take a differential operator P(x,d) £ W[x}. If P(x,d) has a regular 
singular point at x = c £ C, then we can write 

n 

p( x , d) = Y,( x - c^a^d^ 

i=0 

where ao(c) 7^ 0. We consider a polynomial of v 

n , > 

J^o a °( x ) 

Since x = c is a regular singular point of P(x, d), f c (x, v) is holomorphic at 
x = c. Hence we have the Taylor expansion 

00 

f c (x,u)=Y J f C k^)(x-c) k , (3.4) 

k=0 

where f£{y) are polynomials of p. Then a power series g^, x) = (x — 
c) u ^fc=o dk(% — c) k satisfies P(x, d)g(v, x) = if and only if equations 

1 

^c l - k f k (v + (l-k))=0 (3.5) 

k=0 

are satisfied for I = 0,1, ... . We call the equation f${p) = the characteristic 
equation at regular singular point x = c. 

Then we have a similar result to Proposition 13.71 

Proposition 3.11 (Oshima [11J). Let us take P(x,d) £ W[x] which has a 
regular singular point x = c. We write 

n 

P( X: d) = ^(x - cT^a^d^ 

i=0 

where ai(x) £ C[x] and ao(c) 7^ 0. Then we can define polynomials f^{y) 
for k = 0, 1, 2, . . . as (\3.4\ l- Then the followings are equivalent. 

1. There exist n\, . . . , pi G C such that pi — pj^Zifi^j. The following 
n functions are solutions of P(x, d)u = 0, 

9ij {x) = (x- c)^ +j + {x- c) w+mi /iy(x - c) 

for i = l,...,l and j = 0, ...,m» — 1. Here hij(x) G C[[z]] and 
n = Y!i=i m t- 
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2. There exist fj,\, . . . , m 6 C such that \ii — fj,j ^ Z if i ^ j . For these 
we have 

fkifM - j) = 

for i = 1, . . . , I, j = 0, . . . ,mj — 1 and k = 0, . . . ,mj — j — 1. 

Proposition 3.12 (Oshima [11J). Let us take P(x,d) G W[x] which has a 
regular singular point x = c. We write 

n 

P(x } d) = Y^(x - c ) n - i ai(x)a n - i 

i=0 

where ai{x) £ C[x] and ao(c) 7^ 0. T/ien £/ie followings are equivalent. 

1. There exist m functions, 

gi(x) = (x - c) 1 + {x- c) m hi(x - c) 

for i = 0, ... ,m — 1 and these are solutions of P{x,d)u = 0. Here 
hi(x)eC[[x]}. 

2. There exist Q(x,d) E W[x] such that 

P(x,d) = {x-c) m Q(x,d). 

Proof. Although the proof of this proposition can be found in we prove 
this for the completeness. Suppose that 2 is true. We notice that Q(x, &){x— 
c) 1 are holomorphic at x = c for any i € Z>o- Hence if we write Q(x, d){x — 
c) 1 = hi(x) S C[[x]], then we have 

P(x, d)(x - cf = {x- c) m Q(x, d)(x - cf = {x- c) m hi{x). 

Conversely, if 1 is true, there exist hi(x) G C[[x]] such that 

n 

P(x,d)(x - cf = ^(x - c) n - j aj (x)d n - j (x - cf = (x- c) m hi(x), 

3=0 

for i = 0, . . . , m — 1. If i = 0, we have 

n 

a (x) = {x- c){(x - cr^hoix) - J^(s - cy-^ajix)). 
Hence P(x, d) = (x — c)Qo(x, d) for a Q(x, d) € W[x]. If i = 1, we have 

n 

(x - c)(oi(s) + a (x)) = {x- c) 2 ((x - c) m - 2 - - c) 71 -^ 2 ^)). 

3=2 

Hence P(x,d) = (x — c) 2 Q\(x,d) for a Q±(x,d) £ W[a;]. We can iterate 
these for i = 0, 1, . . . , m — 1. □ 
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We can define semi-simple characteristic exponents at regular singular 
points as we define for formal solutions. 

Definition 3.13. Let us take P(x,d) £ W[x] which has a regular singular 
point x = c. We write 

n 

P{x, d) = J2( x ~ cT^a^d^ 

i=0 

where di(x) £ C[x] and clq(c) ^ 0. Then we can define polynomials ft{v) for 
k = 0, 1, 2, . . . as <\3.4\) - If there exist m, . . . , fii £ C such that m — \Xj ^ Z 
{% ^ j) and we have 

fk(fH-j) = 

for i = 1, . . . , I, j = 0, . . . , mi — 1 and k = 0, . . . , rrn — j — 1, then we say 
that P(x, d) has semi-simple characteristic exponents 

{\pi]rnn- ■ ■ j Mm;} 

at x = c. 

Proposition 3.14. Let P(x,d) € W[x] has a regular singular point x = c 
and semi-simple exponents 

{hU Wffl)}- 

1. For v £ C, the differential equation Ad((x — c) v )P{x,d)u = has 
semi-simple exponents 

{[pi + v]mi,-- -,[Pl + HmJ 

at x = c. 

2. If a ^ c, then the addition at x = a does not change the set of expo- 
nents at x = c of P(x,d), that is, Ad((x — a) u )P(x,d) has semi-simple 
exponents 

{[pi] mi ,...,[pi] mi } 

at x = c as well. 

3. For p{x) € C, the set of exponents at x = c of P(x, d) are not changed 
by Ade(p(x)), that is, Ade(p(x))P(x,d) has semi-simple exponents 

{{pi] mi ,...,[pl] mi } 

at x = c as well. 
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Proof. If a function u(x) is a solution of P(x, d)u(x) = 0, then for a, v G C, 
the function (x — a)^w(x) satisfies that 

Ad((x - a) v )P{x,S){x - a) u u{x) 

= (x — a) u P(x, d)(x — a)~ v (x — a) u u(x) 

= {x-a) v P{x,d)u{x) =0. 

Hence if a = c and u(x) = (x — c) p Yli^o c « x * * s a solution of P(x, d)u(x) = 
around x = c, then (x — c) u u(x) = (x — c) p+u Ylilo ^ iX% ls a solution of 
Ad((x - c) v )P{x, d)v{x) =0. 

On the other hand, if a / c, the function (x — a) v is holomorphic at 
x = c. Hence we can write the Taylor expansion (x — a) u = X^£o eiX ' ''• This 
implies that (x-a) u u(x) = J2Zo e i x i {x-c)P CjX { = (x-c)" YT=o fa'- 
Therefore exponents does not change. 

For the final assertion, we recall that 

Ade(p(x))P(x, d) = exp(p(x))P(x, d) exp (— p(x)), 

and exp((p(x)) is holomorphic on C. By the same argument as above, the 
final assertion follows. □ 

4 Differential equations of irregular rank 2 at in- 
finity 

The twisted Euler transform turns P(x,d) £ W[x, £] into the other Q(x,d) G 
W[aj,£]. The question is how this transformation changes local datum of 
these differential operators. We focus on the case of the rank of irregular 
singularity at most 2 and give explicit descriptions about the changes of 
characteristic exponents by twisted Euler transforms. 

4.1 The rank of irregular singularity, the Newton polygon 

Let us recall the notions, the rank of irregular singularity and the Newton 
polygon of a differential operator. 

Definition 4.1 (The rank of irregular singularity at infinity). Let us con- 
sider a linear differential equation, 

[x n d n + ai(x)x n - 1 9 n - 1 + a 2 {x)x n ~ 2 d n - 2 + ■■■ + a n (x)]/(x) = 0. (4.1) 

Here coefficients a^(x) are Laurent series, 

oo 

ai (x)=x m ^a l fc x- fe (a^O), 

k=0 
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where m; G Z /or i = 1, . . . ,n. 

The rank of irregular singularity at infinity of < \4-l\) ^ s the number defined 

by 

q = max{ — \ i = 1, . . . , n\. 

i 

Let us take P(x,d) = ^ai(x)d l G K.(d). Every ai(x)d % associate the 
point (i, i — v(ai)) of N x Z. Then we define the Newton polygon N(P) of 
P to be the convex hull of the set 

[j{(x, y) £R 2 \ x<i,y>i- v(a t )}. 

i 

Let {si = (ui,Vi)}o<i< p be the set of vertices of this polygon such that 
= uq < u\ < ■ ■ ■ < Up = n (n = ordP). Slopes of the edge connecting Sj 
and Sj_i are 

_ Vi - Vi-i 

M — 

Ui - Ui-l 

for i = 0, . . . ,p — 1. Clearly we have Ai < A2 < • • • < A p . We define lengths 
Li of segments Sj\ by Lj = «j — ttj_i. We note that X p corresponds to 

the irregular rank at infinity of P. We refer |10].|12| and [2] for further 
things about Newton polygons. 

Remark 4.2. Let us consider the Newton polygon of P(x,d) whose ver- 
tices so, s\, . . . , s r , slopes Ai < A2 < • • • < A r and lengths of segments are 
Li, . . . ,L r . Then for 1 < i < r, there exist q G Z>o and Li linearly indepen- 
dent formal solutions of P(x, d)u = 0, 

for q G Z>o h l Mx) G C[[x _1 ]][logx -1 ]. ilere 

p«( x ) = ^a^afT* 

and ^ = A,. 

4.2 Fourier-Laplace transform 

As is well-known, the Fourier-Laplace transform exchanges regular singular 
points on C and irregular singular point of rank 1 at infinity. Let us see the 
way how the Fourier-Laplace transform changes ranks of irregular singulari- 
ties and characteristic exponents of a differential operators of irregular rank 
at most 2. 

Proposition 4.3. Let us take P(x, d) G W[x] o/degP = N and \L\, . . . G 
C such that \n £ Z and \n — fij ^ Z (i ^ j). Then the followings are equiv- 
alent. 
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1. The differential equation P(x,d)u = has semi-simple exponents 

{[m] mi , ■ ■ ■ , [w]mj 

at x = co. Here m = Yl\=i m i- 

2. For the Fourier-Laplace transform P(—d, x) of P(x, d) has regular sin- 
gular point at x = and P(—d,x)u = has the semi-simple charac- 
teristic exponents, 

{[o]jv_ m [/ii - i] mi ,.. . , [m - i] m J 

at x = 0. 

Proof. Suppose that 1 is true. From the assumption ^ ^ Z, we can see 
N > m. If N < m, we can write 

N 

p{ x ,d) = ^2x N - s p s {d)d m - s = Q{x,d)d N ~ m 

for Q(x,d) G Then polynomials Yld^o^^ 1 a i x f° r «i G C satisfy 

P(x, d)u = 0. It contradicts our assumption. 

If we write P(x,d) = J2s=o x N ~ s P s (d)d m ^ m - s >°\ the Laplace trans- 
form 

N 



N 

= Y J Qs{x)x m! " x{m ~ s ' 0} {-d) N ~ s 



s=0 



for P s (x),Q s (x) G C[x] and Po(x) = Qo( x )- By the assumption Po(0) = 
Qo(0) 0, it follows that x = is a regular singular point of P(d,x)u = 0. 
Let us take a power series x^ Yl^Lo d s x s . Then we can see that 

oo N oo 

cp{ X ,d)x^Y J d s xS = Y,(~ d ) N ' j p j( x ) xfl Y, dsxS 

s=0 j=0 s=0 

oo s k p^ _i Vm 

= ^ N+s £ d *-* £(-m-*+o(-m-*+i+i) • • • (-»-s+N-i) 1 _y 

= ^ Y, d *-K D"" " s + 0(fc-oH* - » + fc )(iv- fe )^3T)T 

s=m fc=m i=0 

oo s 

= ^ x^"^ £ (-/x - s + k) {N _ k) d s _ kPk (-n - 1, 0). 
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Therefore if CP(x, <9)x M Yl^Lo dsX s = 0, then it must be satisfied that 

s 

^2 ds-k{-H ~ s + k) {N „ k) p k (-ii - 1 - s, 0) 

k=m 

for s = m, m + 1, By the assumption we have 

Pk(-l*i ~ 3 ~ k,0) = 

for 

i=l,..., I, 
j = 0, ... ,mi - 1, 
k = m,m + 1, . . . ,m + rrii — j — 1. 

Also we have 

(-« - s + fc)(JV-fc) = 

for i = 0, . . . , (iV — m) — 1 and A; = m, m + 1, . . . , N — j — 1. Hence the 
differential equation CP(x, d)u = has a regular singular point at x = 
and semi-simple characteristic exponents 

{[0]jV-m, [Ml _ l]mi, ■ • • , [W - l]m ( }- 

The converse direction can be shown by the same way. □ 

The same thing can be shown for the Fourier-Laplace inverse transform. 

Proposition 4.4. Let us take P(x, d) £ W[x] o/deg P = N and fi\, . . . , fii G 
C such that Hi ^ Z and ^ — fij £ Z (i ^ j). Then the fallowings are equiv- 
alent. 

1. The differential equation P(x,d)u = has semi-simple exponents 

{[Wlmir • • , Mm;} 

at x = oo. Here m = Yl\=i m «- 

2. For the Fourier- Laplace inverse transform P{d, —x) of P(x, d) has a 
regular singular point at x = and P(d, —x)u = has the semi-simple 
characteristic exponents, 

{[0]jV- m [A*l - l]mi, ■ • • , [W - l]mj 

ai x = 0. 
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Proof. The condition 1 is equivalent to that P(—x,—d) has semi-simple 
exponents 

{Nmiv Mm,} 

at x = oo. This is equivalent to that P(d, —x) has semi-simple exponents 

{[0]jv_ m [/xi - l] mi , . . . , - l] m J 

at x = by Proposition 14.31 □ 

Corollary 4.5. Lei us take P(x, d) G W[x] o/deg P = N and fix, . . . , m G C 
swc/i i/iaf /Ui ^ Z and /ij — ^ Z (z ^ j). T/ien the following s are equivalent. 

1. The differential equation P(x,d)u = /ias e ax -twisted semi-simple 
exponents 

{\P>l]mi,- ■ • i Mm*}- 

For i/te Laplace transform P(— d, x) of P(x, d) has a regular singular 
point at x = a and semi-simple exponents 

{[0]jv_ m [/ii - l] mi , . .-M - 

a£ x = a. ifere m = X^!=i m «- 

Proof. The condition 1 is equivalent to that -P(x, d+a)u = has semi-simple 
exponents 

{[Ml]mi) ••• , [w]mj 

at x = oo. Hence it is equivalent to that the Laplace transform P(—d,x + 
a)u = has a regular singular point at x = 0, i.e., CP(x, d) = P(—d, x) has 
a regular singular point at x = a and semi-simple exponents 

{[0]iv_ n [^i - l] mi , . ..,[///- l] m J 

at x = a. □ 

For the inverse transform we can show the following as well. 

Corollary 4.6. Let us take P(x, d) G W[x] o/deg P = N and fj,\, . . . , m G C 
such that Hi ^ Z and /ij — /ij ^ Z (i ^ . TTien the following s are equivalent. 

1. The differential equation P(x,d)u = has e ax -twisted semi-simple 
exponents 

{[Ml]rnu • • • i [w]m,}- 

2. For i/ie Fourier- Laplace inverse transform P(d, —x) of P(x, d) has a 
regular singular point at x = —a and semi-simple exponents 

{[o]jv_ m [/ii - i] mi , . --M - ijmj 

at x = —a. Here m = Yl\=i m i- 



26 



Proof. We can show this by the same argument as Corollary 14,51 □ 

Corollary 4.7. Let us take P(x, d) G W[x] o/deg P = N and fii, . . . , m G C 
such that ^ ^ Z and fii — fij ^ Z {i ^ j) . Then the following s are equivalent. 

1. The differential equation P(x,d)u = of has e^ x2+ P x -twisted semi- 
simple exponents 

{Nmii- • • > \Pl]mi}- 

12/3 

2. The Laplace transform P(—d,x)u = has e~2& x + & x -twisted semi- 
simple exponents 

{Nmi,- • • i \Pl]mi}- 

Proof. The condition 1 is equivalent to that P(x, d + ax + [5)u = has 
semi-simple exponents 

{hUir • • , \Pl]mi}- 

at x = oo. On the other hand, the condition 2 is equivalent to that P(—d + 
^x — §^,x)u = has the same semi-simple exponents at infinity. If we put 
x = ay, it is equivalent to say that P(y — ^d y — ^,ay)v = has the same 
semi-simple exponents at infinity. Here d y = J^. It is easy to see that 

C o Ade((-^y 2 - o C^P^y - -d y -^,ay) = P(y, d y + ay + (3). 
la a a a 

If we notice that for a solution u of Q(x,d)u = 0, v = e p ^u is a solution 
of Ade(p(x))Q(x, d)v = 0. Since eP^ is holomorphic at x = 0, the multipli- 
cation of eP^ x ' does not change exponents at x = 0. Then the equivalence 1 
and 2 follows from Proposition 14.31 □ 

Corollary 4.8. Let us take P(x, d) G W[x] o/deg P = N and fj,\, . . . , G C 
such that Hi ^ Z and iX{ — [Xj ^ Z (i ^ j). Then the following s are equivalent. 

1. The differential equation P(x, d)u = has e^ x + @ x -twisted semi-simple 
exponents 

{[^l]mi,- • • , [w]mj- 

12/3 

2. The Fourier- Laplace inverse transform P{d, —x)u = has e~^ x ~a x - 
twisted semi-simple exponents 

Proof. The condition 2 is equivalent to that P(d — \x — @-, —x) has the above 
semi-simple exponents at x = oo. If we put y = ——x, this is equivalent to 
P{—^d y + y — ^,ay) has the same exponents at y = oo. Also we have 

£-1 o Ade(^-y 2 + o CP(--8 y + y-P,ay)= P{y, 8 y + ay + /?). 
la a a a 

As in Corollary 14.71 we can show this corollary. □ 
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Proposition 4.9. Let us take P(x,d) 6 W[x]. We assume that P(x,d) can 
be written by 

r N—l r 

RP(x, 8) = x N Y[{8 - ai ) m * + xN ~ j l\( d ~ ai) max{m! " i,0} ^(<9) 

i=0 j=l i 

for Pi{x) 6 C[x] and P(x,d) has e aiX -twisted semi-simple exponents 

{[vWmi ' • • • ' [/4Jm: } 

where mi = Y^ l j=i m% j- Moreover we assume that [A Z for i = 1, . . . ,r and 
j = 1, . . . , k and - n\<£ Z (k^j). 
Then we have the followings. 

1. We have 

E(*;0)P(x,d) ~ P{x,d) 

fori = l,...,r. 

2. For fixed i E {1, . . . , r} and fx G C swc/i t/iai /z ^ Z and — /i ^ Z\{1} 
/or j = 1, . . . Zj, we have 

E(ai] -fi)E(ai; n)P{x, d) ~ P(x, d) 

fori = l,...,r. 
Proof. First we show 1. We have 

E( ai ;0)P{x,d) = LR£~ 1 RP(x,d) 

r 

= CR([[(-x - ai) m *d N 
i=i 

N r 

+ x - a i ) max{m ^ j ' 0} a j (x)d N - j ). 

j=l i=l 

By the assumption and Corollary 14.61 every characteristic exponent at the 
regular singular point x = —ai of C~ 1 RP(x, d) is not integers. Hence by 
Proposition E121 RC^RP^x, d) = C^RPfad). Hence E{*;0)P(x,d) = 
£R£~ l RP(x, d) ~ P{x,d). 

Let us show 2. Fix an i G {1, . . . r}. If f/j — fj, ^= 1 for all j = 1, . . . , li, 
E(cti, n)P(x, d) has e aiX -twisted semi-simple exponents 

{[-li + [fJ-i ~ (Am* i • • • > H - ML< } 

and e Qi ' IE -twisted semi-simple exponents 

{K'] m f >--->K,] m i' ; } 
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for the other %' by corollaries from l4.5l to l4.8l On the other hand, if there exist 
j € {1, . . . , k} such that fij — 1 = u, then E(cti, fj,)P(x, d) has e ai:c -twisted 
semi-simple exponents 

{[tA ~ tAm\ ' • • • i [M}-1 ~~ Mlm*. , ' [ — / i + l]A r -m i i [/4+1 ~~ Wmi , , > ' ' ' > i^h ~ lAm) } 

1 3 — 1 J J + 1 1 (j 

and e Q * /:i; -twisted semi-simple exponents 

for the other i' by corollaries from 14,51 to 14.81 In both cases, characteristic 
exponents are not integers and moreover difference of them are not integers. 
Hence we can see 

E(*,0)E(ai,ij)P ~ E(pci,n)P 

by the same argument as 1 . Hence we have 2 as well as the proof of Propo- 
sition EH 

□ 

4.3 Twisted Euler transform 

Definition 4.10 (Normal at infinity). Let us take P(x,d) E W[x,£] which 
has an irregular singular point at x = oo of rank 2. The order of P(x, d) is 
n. 

We say that P(x, d) is normal at the irregular singular point x = oo, 
if the followings are satisfied. There exist ati, £ C for i = 1, . . . ,r and 
j = 1, .... 

1. For every i = 1, . . . , r, the Newton polygon of P(x, d + ctix) has only 
three vertices s l = (uq = 0, Vq),s\ = (u\,v\) and s| = (u\ = n,v\). 
Corresponding slopes are 1 and 2. Length of the segment [s\, Sq] is rii. 
Here n = J2i=i n i- 

2. For every i = 1, . . . , r and j = 1, . . . , U, the Newton polygon of 
P(x,d + ctiX + has only four vertices Sq = (uq = 0,v^),sf = 

(u^ , Vj 1 ), s % 2 = {u % 2 , v 2 ) , s^ = (u^ = n,v^). Corresponding slopes are 
0, 1 and 2. Lengths of segments [si,Sq], [s^s 4 /] and [s^s 1 ^] arerij, 
rii — n % - and n — m respectively. Here rii = 5^j=i n% y 

Remark 4.11. By Proposition \3J\ Proposition \3.6\ and Remark \4.2\ P(x,d) € 
W[x, £] is normal at infinity if and only if there are n 1 -- dimensional space of 

e~ x + Pj x -twisted formal solutions. Since n = YH=i n j coincides with 
the order of P(x,d), these are all of formal solutions of P(x,d)u = at 
x = 00. 
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Let us take P(x,d) G W[a;, £] which has regular singular points at 
ci,...,c p G C, the irregular singular point of rank 2 at x = oo and no 
other singular points. Then we can write 



n V 



P(x, d) = J2U( x - Cj^Oiix)^, (4.2) 

i=0 j=l 

where a; L (x) G C[x,£] for i = l,...,n and ao(x) = 1. Since the rank of 
irregularity is 2, degrees of aj(x) have upper bound, 

degaj(x) < (p + l)i 

We call (|4.2|) the standard form of P(x,d). 

Definition 4.12 (Table of local datum). For sufficiently large numbers K 
and K' , we take £ = {/u* | 1 < i,j < K} U {v^ | 1 < k < K'} as the 
indeterminants of C(£). Lei us tafce P(x,d) G W[a;,£] which has regular 
singular points at c\, . . . ,c p G C, the irregular singular point of rank 2 at 
x = oo and no other singular points. Moreover P(x,d) is normal at infinity. 

Let us assume that the differential equation P(x, d)u = has the follow- 
ing local solutions. 

• Around each regular singular point x = Ci, it has semi-simple exponents 

{\®\m\ [vWmX ' • • • ' [/4Jmt. } 



where m l - G Z>o fori = 1, . . . , Sj andm l G Z>o which satisfy Ej=o m ) 
n = ordP for i = 1, . . . ,p. For the simplicity, we put 

// = (/4, ■ ■ ■ , /£)> m* = (mj, . . . , m* ), 



and write 

[//; m 1 } = {\p\] m {, ■ ■ ■ , [/4Jmj.}> 

shortly. 

Around irregular singular point x = oo, it has e~ x +PjX -twisted semi- 
simple exponents 



fori = l,...,r,j = l,...,h. Here n£ G Z >0 and Y7i=i Ej=i Efe=i n fc 

n = ordP(x,d). We put n*- = Efe=i n fc anc ^ n « = Ej=i n j- ^ ?or ^ e 
simplicity, we put 



[^;n^]={[^] n .,...,[^] n .}. 
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Then we write the following table of local exponents of P(x,d), 





a*i 


«2 






Cl 




Pi 


[u 1L -n 11 ] 


Pi 


[v 2l ;n 21 ] 




PI 


[u rl ;n rl ] 


C2 


[/x 2 ;m 2 ] 


Pi 


[u 12 ;n 12 ] 


Pi 


[u 22 ;n 22 ] 




PI 


[u r2 ;n r2 ] 


Cp 


[fj,P; mP] 


k 


[v lll ;n lh ] 


Pi 


[u 2l2 ;n 2h ] 




PL 


[v rlr ; n rlr ] 



We call this table the table of local datum of P(x,d). 

In particular, if P(x, d) = d + ax + for some a, G C, we say P(x, d) 
has the trivial table of local datum. 



Remark 4.13. In Definition the indeterminants £ = {/^ | 1 < i, j < 

K} U {yV | 1 < k < K'} have only one linear relation which comes from 
Fuchs relation (see JI]/ and for example). 



Theorem 4.14. Let us take P(x,d) G W[:r,£] as in Definition \4-l%\ We 
assume that P(x,d) has the following nontrivial table of local datum, 







Q-2 






Cl 
C2 




to 1 ] 
m 2 ] 


Pi 
Pi 


p 2 


n 12 ] 


Pi 

Pi 


[v 22 


n 21 ] 
n 22 ] 




PI 
PI 


K 
K 2 


n rl ] 
n r2 } 


Cp 




m p ] 


k 


[v lh 


n lh ] 


PI 


[v 2h 


n 2h ] 




PL 




n rlr ] 



Changing the order of a%, ■ ■ ■ ,a r and applying Ade(^-x 2 ), We can assume 
that cti = 0. Then C o RP(x, d) has 



P Si 



OTdCoRP(x,d) = YjY1 

irij + (n — m), 

i=l j=l 



and the table of local datum, 








1_ 




1_ 


Pi 






-ci 




to 1 ] 


1 




n 21 ] 








n rl ] 


Pi 


p 2 


n 12 ] 


-C2 


\M 2 


m 2 ] 


\v 22 


n 22 ] 






y 2 


n r2 ] 


ft 


{j) lh 




Cp 


[pp 


mP] 


ot?. 




n 21 *} 




PI 

OL r 




n rlr ] 



Here 



(mi + 1, /4 + 1, . . . , /4 + 1), v X3 = iy\* - 1 



,u 2 J 



tlj 



1). 



for i = 1, . . . ,p and j = l,...,h. 
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Proof. By Proposition 13.11} the standard form of P(x, d) can be divided 
by <j>(x) = Y\H=i( x ~ c «) m S i- e -> there exist Q(x,d) € W[sc,£] such that 
P(x,d) = (j)(x)Q(x,d) and moreover KP(x,d) = Q(x,d). Since we assume 
that a.\ = 0, we can see deg P(x, d) = (p + l)(n — ni). Hence deg Q(x, d) = 
degP(x,d) - Y%=i mi = (p + l)(n - ni) - Yn=i m i = Ef=i( n ~ m o) + 
«i) = ELi Ei=i m*- + (n - ni). 

Then this theorem is obtained by Corollary 14.51 and Corollary 14.71 □ 

Remark 4.15. We can show the same thing as the above theorem for the 
Fourier- Laplace inverse transform by Corollary \4-6\ and Corollary \4-8\ 



Definition 4.16 (The rigidity index). Let us take P(x,d) G W[a;,£] as in 
Definition \4- 12 . Then we define the number 

idxP = 

- ((p + l)n 2 -±rt-± E(n;-) 2 - £ ±(m*f - £ £ D*- 

i=l i=l j=l i=l j=0 i=l j=l k=l 

and call this the rigidity index of P. 

Remark 4.17. The standard form of P(x,d) is 

n p 

P^d) = Y J \{^-c j ) n ~ l a l (x)d n ~\ 

i=0 j=l 

where 

degaj(x) < (p + l)i. 

Hence P(x,d) has 

n 

£((p+l)j + l) 

i=l 



coefficients in C(£). The informations about the sets of exponents at regular 
singular points x = c\ , . . . , c p require 



'■' \mi(m i j + i) 



EE— 

i=l j=0 

linear equations by Lemma \3.11\ On the other hand, P(x, d) has n{- dimensional 
formal solutions with e~ x p j x -twisted semi-simple exponents for i = 1, . . . , r 
and j = 1, . . . , li . Hence the standard form of P(x, d + 014X) is 

n p 

an— k 



P(x, d + a lX ) ci) n -%(x)d r ' 



k=0 1=1 
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where 

{deg b % k {x) < (p + l)k for 1 < k < (n — n«) 

deg6 J (ri _ ni)+m (x) <pm+(p + l)(n - n;) for 1 < m < n { 

Hence this requires 

X>g« fc (z) - deg = " tK 2 +1) 
fc=i 



linear equations o/C(£). Moreover P(x,d + aiX + (3j) has the standard form 

n p 

P ( X) d + a iX + $) = " ci) n - k c l i(x)d n -\ 

k=0 1=1 

where 

degc^(x) < (p + l)k for 1 < k < (n 

degc^ n _ ni)+l (x) < pi + (p + l)(n - re*) for I < I < (n« 

de g c (i_( ni _ nl) ) +m < (P ~ l)m +p(^ - np + (p + l)(n - nj) for 1 < m < n) 

Hence this requires 

n)(n) + l) 



^2(degb\(x) - degc k J (x)) 



k=l 



linear equations o/C(£). Finally, informations about the sets of exponents 
require 

n k( n k + 1 ) 



E 

k=l 



linear equations of C(£) by Proposition \3.7\ There is one more linear equa- 
tion from Fuchs relation. Hence there are at most the following parameters 
in P(x, d), 

i=l i=l j=0 i=l 

-EE^i EEE^i — +i = i--idxp. 

i=l j=l i=l j=l k=l 

Theorem 4.18. Let us take P{x,d) G W[x,£] as in Definition \4-l%\ with 
the table of local datum, 
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0L\ 


OL2 






Cl 


y 


m 1 ] 


Pi 






Pi 




n 2i ] 




P[ 




n ri ] 


C2 




m 2 ] 


p\ 


w 12 


n 12 ] 


Pi 


[v 22 


n 22 ) 




PI 


y 2 


n r2 } 


Cp 




m p ] 


k 




n Ul ] 


k 


[v 2h 


n 2h ] 




PL 




n rlr ] 



1. For /(£) G C(£) and i = 1, . . . ,p, the table of local datum o/RAd((x — 
Ci y^)P(x,d) is 











Cl 
C2 


[fi 2 ;m 2 ] 


Pi 
P\ 


[v 12 -f(0;n 12 ] 




PI 

P r 2 


W rL - f(0;n rL ] 

[u r2_ m . n r2 ] 


Ci 














Cp 






[v lh - f(0;n lh ] 




PI 


W rlr - f(0;n rlr ] 



where ^ + /(£) = ( M * + /(£), - - - , A** . + /(£)) ™d ^ " /(O = K " 

f(0,..., 4-/(0)- 

Fori = l,...,r, j = l,...,Zj and k = l,...,tij, the table of local 
datum of E(^x 2 + P)x; p), - l)P(x, d) is 





ai 


OL2 






Cl 




Pi 




Pi 


\v 2l ;n 2V \ 




PI 


[z> ri ;ra ri ] 


C2 


[fi 2 ;m 2 } 


Pi 


[D 12 ;h 12 ] 


Pi 


\v 22 ;n 22 \ 




P r 2 


[D r2 ;n r2 \ 


Cp 






[u lh ;n lh ] 


k 


[v 2h -n 212 ] 




PI 


[u rlr ;h rlr ] 



where 



v xy = 

if(x,y) = (i,j), 

v iy if x = i and y ^ j, 

, ( u i V + v k ~ • • • ' ^ + "j? - 1) otherwise, 

^ = (^f + ^-l,...,^+^-l), 

ft x» "fc_i, JV< - • • •) »/ (a, y) = 

I n 2 ^ otherwise, 
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forN, = YX=iT,iti m l+{n-ni). The order of E{^x 2 +(3)x;(3) : ^ - 
l)P(x, d) is n — njj! + iV, — n*-. 

Proof. The first assertion is the direct consequence of Proposition 13,141 and 
Proposition 13.101 The second assertion follows from Theorem 14.141 and the 
first assertion. □ 

Remark 4.19. In the second assertion of Theorem \4- 18\ we see that the 
order of E{^x 2 + f3)x; (3),^ - l)P(x, d) is (n - njf) + (N - n)). By the 
same argument as the proof of Proposition \4^3[ we can see that N{ — n* > 
for all i and j. Hence E(^-x 2 + 0jX; (3j, v£ — l)P(x, d) is well-defined, i.e., 
(n — n£) + (Ni — n 1 -) > 0, if and only if n — n£ > or iVj — n* > 0. On the 
contrary, if we assume n = n£ and Ni = n 1 -, we can see the following. 

Lemma 4.20. Let us take P(x,d) £ whose table of local datum is 





a 


C\ 


\}i L ;m L ] 


P 


[(0)j(n)] 


C2 








Cp 


[fiP; mP] 







And we assume n = Y^=i Y^jLi m j- Then 

P(x,d) ~ {d-ax-f3) n . 

Proof. We can see that x = oo is a regular singular point of P(x, d+ax + /3). 
Hence we can write 

n 

P(x, d + ax + P) = x^Piid), 

where degPj(x) < n for i = 0, . . . , n and P^ (0) = for i + j < n. We 
consider polynomials 

Pk (\, x) = j> + i + i) k -i 

The characteristic exponents at x = oo implies that 

Pn+j{-i ~ j,0) = 

for % = 0, 1, . . . , n — 1 and j = 0, . . . , n — i — 1. This implies that P^ (0) = 
for i = 1, . . . , n and j = 0, 1, . . . n — 1. Hence we have 

P(x, 5 + err + /?) ~ d n , 
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i.e., 



P(x,d) ~ (d-ax-f3) n . 



□ 



Corollary 4.21. Lei us tafce P(x,d) € VF[a;,£] as in Definition ^. 12 with 
the table of local datum, 





a 


C2 




m 1 ] 
m 2 ] 


P 




Cp 




m p ] 







And we assume that n = Yll=i S*=i m ) ■ Then we have 



E(^x 2 ; 0, v)P ~ (d - ax - (5) n 

Proof. By Theorem 14. 18} we can see that E(%x 2 ;0,u)P has the table of 
local datum 





a 


Cl 




m 1 } 


P 


[(o);(n)] 


C2 




m 2 ] 






Cp 




mP] 







Therefore by Lemma 14.201 we have 



a 



EQx 2 ; (3, v)P ~(d-ax- 0) n . 



□ 



Proposition 4.22. Let us take P(x,d) G W[x,£] as in Definition ^. 12\ and 
assume that P(x, d) has the nontrivial table of local datum 







C*2 




a r 


Cl 




to 1 ] 


Pi 






Pi 




n 21 } 




PI 




n rl ] 


C2 




m 2 ] 


P\ 


y 2 


n 12 } 


Pi 


[v 22 


n 22 ] 




PI 




n r2 \ 


Cp 




m p ] 


k 


[v lh 




k 


[v 2l 2 


n 21 *} 




PI 




n rlr ] 



Then we have the followings. 
1. We have 

E(^-x 2 ;*,0)P ~ P. 
for i = 1, . . . , r and for any complex number *. 
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2. Let us take i S {1, . . . , r} and j E {1, . . . , U} and fix them. If v l £ — 
/(£) ^ for all k = 1, . . . , Uj, then we have 



E(^x 2 ;py, -f(0)E(^x 2 ; 0);f{t,))P ~ P 



,OLi 



Proof. By the assumption, we can write 



N 



RP(x, 8 + oix) =x N H(d- $p + * N ~ k l[(d- Pp 



i \max(n' —A;} 



Pk(d) 



3=1 k=l j=l 



for Pk{x) € C[x] and N = n — + YTk=i Sf=i m i- Hence we can apply 
Proposition 14.91 □ 



Although the twisted Euler transform in Corollary 14.211 does not satisfy 
the assumption of 2 in Proposition 14.221 we can show the following. 



Proposition 4.23. Let us take P(x,d) as in Definition ^. 12 with the table 
of local datum, 





a 


Cl 

C2 


[/i 2 ;m 2 ] 




[(*);(*)] 


Cp 









Then we have 



Eqx 2 ;(3,-v)Eq X 2 ;P,v)P~P. 



Proof. Without loss of the generality, we can assume a = 0. The table of 
local datum of RAd((a; + 0)~ v )CRP is 










[(0,-1); (N,n)} 


Cl 








C2 


hi'W] 






Cp 


[H ,p ; m?] 



Here N = Yli=i Ylj=i m ) ~ n an d 

for i = 1, . . . ,r. Hence by the same argument as in Proposition 14.91 we can 
show that 

(£ _1 R£)RAd((x + p)~ v )C~ x P ~ RAd((x + 0)- v )Cr x P. 



37 



Hence we have 

E(p, -v)E(P, v)P = CRKd({x + (3) v )£- 1 R£RAd((x + py^C^RP 
= £RAd((x + (3) u )RAd({x + py v )C- l P 
= CRC^P = E(*,0)P 
~ P. 



□ 



5 Kac-Moody root system 

P. Boalch found a correspondence between quiver varieties and moduli spaces 
of meromorphic connections on vector bundles over the Riemann sphere of 
the forms 

r A B 

^ + P? + ^ 

He studied the existence of these meromorphic connections through the 
theory of representations of quiver varieties which is first studied by W. 
Crawley-Boevey in [3]. 

In this section, as an analogue of this result of Boalch, we attach a 
differential operator considered in Definition 14.121 to a Kac-Moody Lie al- 
gebra and an element of the root lattice of this algebra. And we show the 
equivalence between twisted Euler transforms and additions on differential 
equations and the action of Weyl group on the corresponding element of the 
root lattice. 

Let us take P(x,d) E W[x, £] with the table of local datum 











a r 


Cl 




m 1 ] 


P\ 






Pi 




n 21 } 




PI 




n rl ] 


C2 




m 2 ] 


Pi 




n 12 ] 


Pi 


y 2 


n 22 ] 




PI 


y 2 


rf 2 ] 


Cp 




m p ] 


k 




n lh ] 


PI 




n 2h ) 




PL 




n rlr ] 



We fix this P(x,d) through this section. 

Let rj be the complex vector space with the basis 



n 



Here we put Iq = p and t°i = s 
bilinear form on f) as follows, 



0,. ..,r,j = l,...,k,k=l,. ..,&}. 

We define the non-degenerate symmetric 



2 if (i,j,k) = (I, m,n) 

— 1 if = (I, m) and \k — n\ 

— 1 if (k, n) = (1, 1) and i 7^ j 
otherwise 
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If for s = (i s ,j s ,k s ) G 1 = {(i,j,k) \ % = 0,...,r,j = l,...,l u k = 
1, . . . we write v s = v l ^ s . We can define the generalized Cartan matrix, 

A _ f 2{v s ,v t ) \ 

V Jsei,tei' 

Let g(^4) be the Kac-Moody Lie algebra with the above generalized Cartan 
matrix A. According to the usual terminology, we call II the root basis, 
elements from II are called simple roots and Z-lattice generated by II, i.e. 

Q= J2 ^ 

(i,j,k)el 

is called the root lattice. Also we define the positive root lattice 

Q+= £ Z> «if. 

(i,j,k)el 

The height of an element of the root lattice a = ^ j kei x k v k * s defined by 

ht(a) = x k- 

(i,j,k)el 

Also the support of a is defined by 

suppa = {v% € II I x% / 0}. 

We say that the subset L C LT is connected if the decomposition L\ UL2 = L 
with L\ 7^ and L2 / always implies the existence of Uj € Lj satisfying 
(«i,«2) 7^ 0. 

We have the following root space decomposition of g(A) with respect to 

f), 

(A) = 0a 

where g a = {A G 0(A) | [H, X] = (a,H)X for all H € rj} is the root space 
attached to a. The root space is A = {a £ Q | g a / {0}} and we call 
elements of A roots. 

The reflections on rj with respect to simple roots v 1 ^ , so-called simple 
reflections, are defined by 

r«:l,BH~ r«(H) =H- S^j? = H - (H, t,J>jf. 

The Weyl group W is the group generated by all simple reflections. 

A root a G A is called real root if there exists w GW such that w(a) G II. 
We denote the set of real roots by A re . A root which is not real root is called 
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imaginary root. We denote the set of all imaginary roots by A tm . Hence 
there is a decomposition of the set of roots, A = A re U A im . If the Cartan 
matrix is symmetrizable, we can see that 

A re = {«GA (a, a) > 0}, A im = {a G A | (a, a) < 0}. 

In our case the Cartan matrix A is symmetric. Hence moreover we have 

A re = {a G A | (a, a) = 2}. 

For fundamental things about Kac- Moody Lie algebra, we refer the stan- 
dard text book [7]. 

For the above P € W[x,£], we can define the element ap G Q + associ- 
ated with P(x, d) as follows. Let us put 

h ij = iElLk m i ifi = 

' lES=fc n f if t = l,...,r " 
Then ap G Q + is defined by 

E~ij ij 
U k V k- 

(i,j,k)el 

Remark 5.1. This correspondence between P G W[x,£] and ap G Q + 
is not unique. Indeed, for uV and nl, "permutations with respect to the 
index k = l,...,t lJ do not change local solutions of P. For fjA and rrip 
permutations with respect to the index j = 1 , . . . , s, do not change local 
solutions of P as well. 

Example 5.2. If P{x,d) has the table of local datum, 







«2 


Cl 




01 


[W);(i)l 


02 


(i)] 



the corresponding Kac-Moody Lie algebra has the following dynkin diagram, 



IfP(x,d) has the table of local datum, 





a 


Cl 
C2 


[(/4,/4);(M)] 
Km?, (i,i)] 


01 

02 
03 


[K,^);(l,l)] 
[(^V 2 2 );(M)] 
[(»M);(M)] 
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the corresponding Kac-Moody Lie algebra has the following dynkin diagram, 




Theorem 5.3. We retain the above notations. 

1. For P € W[x, £] and ap € Q + defined as above, we have 

idxP = (ap,ap). 



2. Let us assume n — n k > or Ni — n 1 - > where iVj = Ylk=i Xw=i m i + 
(n — ri 1 ). If we put Q = E(^-x 2 + Pjx; — l)P(x,d), then we have 

"0 = r\ 3 (a P ). 

3. If we put Q = RAd((x — Ci)~^)P, then we have 

a Q = r° 1 i (a P ). 

4- For k > 2, reflections r^(ap) correspond following permutations of 
the table of local datum of P, 



' (f4+v m z+i) ifi = 0,j = yandk = z 

l+i,m V z -i) ifi = 0,j = yandk = z-l, 
(fi y ,m y ) otherwise 



{yl y \n z y ) otherwise 

Here /j, z and v^ y are exponents of local solutions of P and m y z and n xy 
are multiplicities of them respectively. 

This theorem immediately follows from the following lemma. 

Lemma 5.4. Let us take a £ f) such that 



a = Yl c k'' 

(i,j,k)ei 



'k 
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for ci G C. The we have the following equations, 

(«, «) = - & + 1)(£ e ci j ) 2 + ee c^-) 2 + e E( c i 5 ) 5 

i=l j'=l i=l j=l i=l j=l 

lo r lj r li 

+E(EE4 fe EE E(^'- Jj ^ 2 

i=l 3=1 fc=l i=0 j=l fc=l 



lc fc c fc+l^ ' 



(«,C) = 

-(EE E c ? - E E c H + + - 4 0j0 ) if k = i 
I (4? - Ci) + (C - C) if ko > 2 

Proof. Direct computation. □ 

We consider a subset of Q + , 

lo n 

V/ - iTC^ -f ^ 2_^i m k U k I n y fe gZ >0 such that n>m\>m\>-> 
3=1 k=l 

Proposition 5.5. If ap £ W(V), the set of all Weyl group orbits of ele- 
ments ofV, then the Weyl group orbit of ap, W(ap), is contained in Q + . 

Proof. If ap ^ V, a twisted Euler transform of P(x,d) corresponds to a 
simple reflection of ap by Theorem l5,31 Hence we can find Q(x, d) G W[x, £] 
which corresponds to ag = r^ (ap) by taking the twisted Euler transform 
of P(x,d). Moreover if ag £ V, we can find Q'(x,d) £ W[a:, £] which 
corresponds to ag/ = r\^ (ag) = r % ± rj* (ap) by the twisted Euler transform. 
Hence if ap ^ W(V), we can iterate these. Also we can use same argument 
for other simple reflections. Then we have the proposition. □ 

Corollary 5.6. If a P <£ W(V), then a P G A im . 

Proof. First we assume that (ap,ap) > 0. Let (3 be an element of minimal 
height among W(otp) n Q + . Since the Weyl group action does not change 
inner product, we have ((3,(3) > 0. Hence we have ((3,v % £) > for some 
(i,j,j) el. If (3 + v%, then rf'Ctf) G Q + and ht(rf (/?)) < ht((3), a con- 
tradiction with the choice of (3. Hence (3 = v£ . Since ap ^ W(V), we can 
find Q/3 G W[cc, £] such that ag^ = (3. This implies that if (3 is the simple 
root, then (3 = vf for some i and j. However v-y 6 7, This contradicts our 
assumption. Hence if ap £ 77(7), we have (ap,ap) < 0. 

Now we assume that (otp,ap) < 0. As above, we choose an element 
(3 G W(ap) of minimal height. Then ((3,v % £) < for all (i,j,k) G I. Since 
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(3 corresponds to some Qp G W[x, £], this implies that supp/3 is connected. 
Hence 

P G K = {a G Q + \{0} I M?K° for a11 (*.J'. fc ) e 7 j. 

L and suppo is connected J 

This implies that a P G W^if) = A im <T\Q + . □ 



Theorem 5.7. Lei us tafce P(x,d) G W[x, £] as m Definition \4-12\ If 
idxP > 0, then P(x,d) can be reduced to 



(d 



ax 



PT 



for some a, j3 G C and n G Z>o &y finite iterations of twisted Euler trans- 
forms and additions at regular singular points. 

Proof. By Corollary 15. Q\ if idxP = (ap,ap) > 0, then ap G W(V). Hence 
finite iterations of simple reflections ap reduces to an element of V. This 
implies P reduces to a Q G W[x, £] with a table of local datum 





a 


Cl 




m 1 ] 


(3 


[(");(»)] 


C2 




m 2 ] 










m p ] 







by finite iterations of twisted Euler transforms and additions at regular 
singular points. Proposition 14.211 savs that 



. a 



E(^x 2 ;p,v)Q ~ (d-ax-P) n . 



Hence we have the theorem. 



□ 



6 Confluence 

In this section, we show that differential operator P(x, d) of idxP > can 
be obtained by the limit transition from a Fuchsian differential operator of 
the same rigidity index. 

6.1 Fuchsian differential equations 

Definition 6.1. Let us take P(x,£) G W[:r,£] as in Definition \4-l%\ If 
P(x, d) has the following table of local datum, 








Cl 




m 1 ] 





[K-. 




•,«*)] 


C2 




m 2 ] 










Cp 




m p ] 
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then we say that P(x, d) is Fuchsian. 

Proposition 6.2. If P(x, d) is Fuchsian with nontrivial table of local datum, 
then E(0, f(£))P and RAd((x — c) 9 ^)P are Fuchsian for any c € C and 

f(0,g(0 eC(£). 

Proof. This is a collorary of Theorem 14.181 □ 
6.2 Versal additions 

We define the operator called versal additions. These operators are intro- 
duced by Oshima in 

For ai, . . . , a n € C, we define a function 



hniflli • • • ; Cn, x) 

Then it is not hard to see that 



t 11 - 1 dt 



o lli<i<„(l-a^)' 



k=l 



Definition 6.3 (Versal addition). We put 



AdV(ai,...,a„;Ai,...,A n ) = Ad 



k=i 



/ y^n *j 

/ Z^i = fc a fc n 1 <j< Z (a fc -a i ) 

(x - — ) 

V 



Proposition 6.4. For P(x,d) E W[x], we /ioue 

lim AdV(ai;Ai)P(x,9) = Ade(-Aix)P(x, 9), 

ai^O 

lim AdV(ai,a 2 ; Ai,A 2 ) J P(x,5) = Ade(Aix 2 + A 2 x)P(x, <9). 

a 2 ^0 



Proof. If we recall that 



AdV(a 1 ;X 1 ):d = d- - ai = d + 

(x-i) 1-aix 



then we can see that 



lim AdV(ai; Ai)0 = 5 + Ai = Ade(-Aix)3. 

an.— >0 
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Also the equation 



AdV(ai,a 2 ; Ai, A 2 )<9 = d 



— + — — 

ai ' ai(ai~a2) a2(«2— «i) 



ai a2 

Ai + ^2 A2 

1 (01— 02) . (a2— Ol) 



1 — a\x 1 — a 2 x 
0+ - h 



implies that 



1 — a\x (1 — a\x)(l — a 2 x) ' 



lim AdV(oi, a 2 ; A x , X 2 )d = d + Ai + A 2 x = Ade(-— x 2 - \ lX )d. 

ai^O 2 
a 2 ^0 



□ 



Theorem 6.5. Take aP(x,d) G W[x,£] as in Definition \4-12\ 7/idxP > 0, 
i/ien P(x,d) can be obtained by the limit transition of a Fuchsian Q(x,d) G 
W[x,£] o/idxQ = idxP. 

Proof. By Theorem 15. 7| P(x, 5) is obtained by finite iterations of twisted 
Euler transforms and additions from (d — ax — (5) n . Here d — ax — (5 = 
hm ai -^o AdV(ai, a 2 ; — 2a, — f3)d. As we see in Remark I2,ll[ twisted Euler 

a 2 ->0 

transforms are compositions of Euler transforms, Ade(ax) and Ade(/3x 2 + 
■yx) for some a, f3, 7 G C. Hence twisted Euler transforms can be obtained 
by the limit transitions of compositions of additions and Euler transforms 
by Proposition 16. 41 

Therefore P(x, d) can be seen as the limit of a Fuchsian Q(x, £) which is 
obtained by Euler transforms and additions from AdV(ai, a 2 ; —2a, —f3)d. 

Finally we notice that twisted Euler transforms do not change rigidity 
indices because the action of Weyl group does not change the inner product. 

□ 



Appendix 

A Differential equations with regular singularity 
at x = 00 and Euler transform 

We consider differential equations with regular singular point at x = 00 
and arbitrary singularities at any other points in C. And then we give a 
necessary and sufficient condition to reduce the rank of differential equation 
by Euler transform. 
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Theorem A.l. Let us take P(x,d) £ W[x] which has regular singular point 
at x = oo and semi-simple exponents 

{[Ml]ni, • • • , [w]n,}, 

where Yl\=i n i = n = or d P> Mi ^2 and — fij ^ Z if i ^ j. Then we have 
ordP(0, m - l)P(x,d) < ordP 

if and only if 

deg P — ord P < m. 

Proof. Since x = oo is the regular singular point of P(x, d) € W[x], we can 
write 

N 

RP(x,d) = Y,x N ' i d milx{n - i ' 0} p i {d) 

for Pi(x) £ C[x] of degPj < n for i = 0, . . . ,N and Po(x) = 1. Here 
N = degP and n = ord P. Hence we have 

TV 

£-!RP = ^2d N - i (-x) m ^ n - i ^P i (-x) 

1=0 

and this has regular singular point at x = and no other singular points in 
C. Also this has semi-simple exponents, 

{[0]jv-n, [Ml - l]m,- •• , D*t - l]n,} 

at x = by Proposition laplace inverse transform of regular point. And 
then we can see that KAd(x~^ i+1 ) £ _1 RP has semi-simple exponents, 

{[-/ij + l]/V-n, [Ml -Mi]n 15 • • • , [Mi-1 - Mik-i J°k[Mi+l ~ Mik, • ■ •} 

by Proposition 13.141 Hence by Proposition 13.121 we have 

degRAd(x-' l « +1 )Z:- 1 RP = n-m + (N -n). 

This means that 

ord£RAd(ar' l * +1 )/r 1 RP = £7(0,^ - 1)P 

= n — m + (N — n). 

Hence we have the theorem. 

□ 
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